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Abstract 

In our previous paper: Integrability of Homogeneous potentials of degree k = ±2. An 
application of higher order variational equations, we tried to extract some particular struc- 
tures of the higher variational equations (the VE P for p 2), along particular solutions 
of some Hamiltonian systems. Then, we use them to get new Galois obstructions to the 
integrability of natural Hamiltonian with potential of degree k — ±2. In the present work, 
we apply the results of the previous paper, to the complementary cases, when the degrees of 
the potentials are relative integers k, with |fc| ^ 3. Since these cases are much more general 
and complicated, we reduce our study only to the second variational equation VE2. 

1 Presentation 

This paper completes the previous one [4] by applying the same results and strategies to the 
complementary cases. That is, we still study the integrability of homogeneous potentials along 
Darboux points, but here we assume that the degree k is an arbitrary relative integer with |fc| ^ 3. 
As we shall see thing are technically much more complicated for the following reasons. At first, 
the assumption over the degree are more general, and secondly, here in contrast to the cases 
when |fc| = 2, the Morales Ramis table (see Table [1} gives discreet obstructions at the level of 
the first order variational equation VEi. This will force the study to encompass a judge number 
of distinct cases. As a consequence, our major results, Proposition Theorems U and [S] below, 
just concern the Galois group of the second variational equation VE2. They are not definitive 
results which guarantee that the Galois groups of the associated systems VE^ and EXj a a are 
virtually Abelian in such and such cases, but they constitute effective algorithms to test such 
possibilities in particular cases. These results convert the virtual Abelianity of the Galois group 
to testing some Ostrowski relations between first level integrals $, ty a , ^ etc, when they are so. 
The reader will see that in general, these integrals are very complicated. And the main, difficulty 
will be be the following : from the form of a given integrals, it will be in general very easy to 
predict that it can be algebraic if it is so. But in contrast when it does not have such specific 
form, it is very very difficult to decide when it is transcendental. Our main ingredient for this 
will be Remark [2] below. 

In addition to the first paper, this one contains one additional idea which is interesting from 
a theoretical point of view. This is what we call the cohomological argument, which allow to 
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test that a second level integral is indeed computable in closed form, that is to test if a Galois 
group is virtually Abelian, without computing effectively this second level integral in closed form 
explicitly. This procedure was discovered when dealing with the present second level integrals, 
but it can be applied in more general contexts. 

Let us mention finally, that this approach is not isolated. Combot in [5] , deal with the same 
problem for homogeneous potentials of degree k = — 1, while in the same time Weil in [T], is 
studying exactly the same problem than us but from the complementary point of view of gauge- 
transformations, which has the advantage to convert, the original systems into new ones which 
are much more simple in the sens that the virtual Abelianity of the Galois group can be directly 
read in the form of the new system. 

In order to helps the reader, into the reading of this paper, let's briefly present how it is 
organised. In Section 2, we present the systems VE^ and EX^^. Here the idea is that 
as for the study of VEi, these new systems are much more easy to study after the so called 
Yoshida-transformation, than in their original time-parametrisation. In Section 3, we present 
the associated second level integrals involved in those systems and their intrinsic hierarchy. 
Section 4, contains the technical ingredients both theoretical and practical which are going to be 
useful for the proofs of Theorems @] and [5] (in Section 5), and for some effective remarks about 
VE^ and EX^ a /9 . These practical studies will be done in Sections 6 and 7 below. Moreover, we 
recommend the reader, to first take a look, to Section [6.41 where we present some experimental 
facts about the complexity of the law that govern the virtual Abelianity of VEJJ Q . We hope that 
this will help him to understand how we are using the present criteria and why we where obliged 
to deal with such tremendous casuistic. 

2 From VEi to VE2 through the Yoshida transformations 

In all the previous works concerning the integrability of homogeneous potentials along Darboux 
points, the key result for the analysis of the first variational equation VEj, was the conversion 
of this differential system in time parametrisation to an equivalent one in new variable z. This 
is the Yoshida transformation given by 

1 1— > z = ip k (t). 

This transformation convert the initial variational equations over a hyperelliptic curve into a 
Fuchsian equation over P 1 , with singularities at z G {0; 1; oo}. 

In this Section we shall recall some results concerning this transformation, and we show how 
it applies to the study of the second variational equation VE2. 

2.1 The subsystems of VE 2 to deal with 

Here, we assume that V"(c) is diagonalisable. Hence, VEi splits into a direct sum of equations 
which have the following form 

x == \ OL ^p x, 

where A Q are the eigenvalues of V"(c), and <p — ip(t) is a particular solution defined by a Darboux 
point d. For each of these equations we denote by G\ = G a = G(k,X a ) its differential Galois 
group over the field K = <C(cp,(p). 

From Proposition 2.5 of [4], we know that the differential Galois group of VE2 is virtually 
Abelian iff the same property hold true for the differential Galois groups of the systems 

YEl a and EX^ for all a;/3; 7 with a ^ f3. 
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In time parametrisation, these systems have the following form (see equations (2.20) and (2.22) 

of a) 

VE£ Q 

and 

Here, we directly assumed that the coefficients appearing in the non-homogeneous terms 
in the right hand sides of the last equations of those systems are non zero. Otherwise, the 
corresponding second variational equation will be reduced to the first variational equation. 

2.2 The Morales-Ramis table 

The full list of all values of A € (D for which the differential Galois group of equation 

x = -\tp k ~ 2 x, (1) 
is virtually Abelian is given in the following table, where p denotes an integer. 



G(fc,A)° 


k 


A 


Line Number 




k = ±2 


A arbitrary complex number 


1 


G a 


\k\ > 3 


\(k;p)=p+%p(p-l) 


2 




1 


p+£p(p-l),p^-l;0 


3 




-1 


p-^p(p-l),p^l;2 


4 


{Id} 


1 





5 




-1 


1 


6 




|*| > 3 


l(^l+p(p+l)k) 


7 




3 


^ + ±(l + 3p) a , f± + ^(l+4p) a 


8,9 






^ + ^(1 + 5^,^ + ^(2 + 5^ 


10,11 




-3 


1-4(1 + 3^,^-^(1 + ^ 


12,13 








14,15 




4 


^ + |(l + 3p) 2 


16 




-4 


1-1(1 + 3^ 


17 




5 


^ + ^(1 + 3^,^ + ^(2 + 5^ 


18,19 




-5 


S _ A (l + 3p)- >S _ i(2 + 5^ 


20,21 



Table 1: 



Since we will now play with potential of degree k ^ ±2, the connected component of G\ will 
be either G a or identity. See [5] and [3]- 

2.3 The Yoshida transformation of VEi 

Here we reproduce some of the computations which were more detailled in [3]. The Yoshida 
transformation consists of the change of the independent variable 

*—>* = ¥>*(*), (2) 



J x = —\ a (p k 2 x 

\ y = -\ 7 (p k ~ 2 y + tp k ~ 3 x 2 ' 

x — —\ a tp k ~ 2 x 
y = -^w k ~ 2 y 

u = —\ 1 tp k ~ 2 u + tp k ~ 3 xy 
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in the considered equation. Thanks to the chain rule 

d 2 x ( dz\ 2 d 2 x d 2 zdx 
'd¥ = \dt) ~dh? " 4 ^~dz' 

equation ([T]) reads 

/- 2 (t)[2fcz(l-z)g + (2(fc-l)(l-z)-fcz)J] = ^ 
/- 2 (t)[2fcz(l-z)— + (2(fc-l)(l-z)-fcz) — ] = -/~ 2 (i)Az 

2kz{l- z)—^ + {2{k-l){\- z)-kz) — = -Xx 
dz A dz 

J2 



d 2 x 2(k - 1)(1 - z) - kz dx -Ax 



dz 2 2kz(l-z) dz 2kz{l-z) 

d 2 x . dx 
d^ +p{z) d-z 



P{ z )-T = s(z)Xx, (3) 



where 



2(fc-l)(z-l) + fcz 1 
p(z) = — and s(z) - 



2kz(z- 1) w 2kz(z-l) 

Now, after the classical Tschirnhaus change of dependent variable, 

x = f(z)C, f{z) = exp (- I p(z)dzj = z-^iz - (4) 



equation (|2.3I) has the reduced form 

d 2 c 



(jl [r (z) + Xs(z)]C, (5) 



where 



r(z) := r A (s) := r (z) + Xs(z) = ^-J- + f_ * - -(I p 2 a 2 ' ■ ' ' 



T 



4z 2 4(z - l) 2 4 V K ; V z 1 - z 



and 



1 1 - 2) 2 + 8fcA 

Since the three above numbers are respectively the exponents differences at z = 0, 2=1, and 
z = co, of the reduced hypergeometric equation L2 = x" — r{z)x — 0; the solutions of L2 = 0, 
belong to the Riemann scheme 

1 00 

P{ h - h \ =*f*z}. (7) 

1 , J_ 3 -l+r 

2 ' 2fe 4 2 

In Table [l] the group G(k,X) appearing into the first column is precisely the differential Galois 
group of the equation L2 = x" — r{z)x = 0, with respect to the ground field <C(z). 
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2.4 Computation of the solution space of ([T]) when G(k, A)° = G a . 

We observed that after Yoshida transformation the new equation in z variable is L 2 = x" — 
r\{z)x — 0, and that the solutions of L 2 = belong to the Riemann scheme 

1 00 

p i ■■= p i \ - ^ I z h (8) 

2 2k 4 ^00 

where 

-1-T -1 + r 11 

Poo = — 2 — ' = — 2 — ' T=:P ~2 + fc' ^ 

In Table [U the group G(k,X) appearing into the first column is precisely the differential Galois 
group of the equation L 2 = x" — r{z)x = 0, with respect to the ground field (D(z). But its 
connected component coincide with the connected component of ((T|) over <C(ip,<p). 
Our Lemma 3.4 from [3] can be reformulated into the following way. 

Lemma 1 When G\ ~ G a then, 

1. Up to a complex multiplicative constant, the algebraic solution x\ is of the form x% — z a (z — 
l) b J(z) where 

(k-1 k + 1) , fl 3" 
aE \^2k-'^k-j' 6e \i'4. 

and J(z) G does not vanish at z G {0, 1}. 

2. The function I := I\ = J ^ has exponent (1 — 2b) at Z = 1, and, up to an additive constant, 
the monodromy around this point is M.i{I) = —I. 

3. Around z — 0, I has exponent (1 — 2a), and its monodromy can be written into the form 
Mo(I) = exp(-47ria)I + c . 

Proof (1 and 2) where proved in Lemma 3.4 of [3], (3) follows in the same way. □ 
From © and (JSJ) we get 

If 1 1\ , 1/3 1 



2 \ P + 2 + k J 5 Pco 2 V 2 />■ 

Since x\ — z a (z — l) b J(z), we get that 

1 00 1 00 

xi G Pi := P{ I - i J Poo z} <S=^ J G P 2 := P{ h - -k - a J -6 poc + a + frz}. 

From the four possibilities a G {%rr, 6 G {-j, §}, we get four possibles Riemann schemes. 

According to ([6] p. 95), the classical Jacobi polynomials J*^"'^ (t)with parameters (a, (3), 
and degree n G N, are defined by 
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They belong to the Riemann scheme 

( -1 oo 1 

Pj, I -77 t 

{ -/3 a + /3 + n. + 1 -a 

But here the singularities that we meet are {—1, 1, oo} instead of {0, 1, oo}. Hence we pass from 
the classical Jacobi polynomials to ours by putting t = 2z — 1, i.e., we set 

J(z) = J*(2z- 1), 

( o oo i ] r i oo i i 

J(z) S Pj < -77 Z ^ J*(t) e Pj* I -77 o 

[-/3a + /3 + 77+l-a J | a||3 + n|l -a J 

As a consequence, we get the following classification of the Jacobi polynomials J e P 2 





a 


6 


a 


/3 


77 


P 


Case 1 


± + ^~ 

2 ' 2fc 


i 

4 


-l 

2 


i 

fe 


2 


p e 2N + l 


Case 2 


i + — 


3 

+ 


1 


i 


2 1 


p e 2N + 2 


Case 3 


2 2fc 


4 


2 


k 


-J> 


p e -2N 


Case 4 


1 1 

2 2fc 


3 
4 


1 

2 


-l 
k 


2 


P 6 -2N - 1 



Table 2: ( 



Here, n := deg(J(z)). To obtain this, we identified P2 with Pj. This gave a and /3. To 
compute the degree, we observed that a + /3 $jL TL. Hence, —77 is the one of the two numbers 
Poo + a + b, or p' x + a + b that belongs to TL. 

Thanks to the formula for J* = J*^ '^ we get that up to a constant multiple 

in 

J{z) = 4«.«(z) = (z - !)-«(*)-/>_((* - l)«+«(z)^«). (10) 

Hence, according to the previous table and Lemma[TJ the precise forms of the integrals / depends 
on the four cases and are given by the following 



Cases 


1 


2 


3 


4 


V 


1 


i 


1 


i 


z l + l/fc( z _l)l/2J2 


z l+l/fc( z -l)3/2J2 


z l-l/fc( z _l)l/2J2 


z l-l/fc( z _l)3/2J2 



Table 3: 



Remark 1 Compatibility between the above Table and Lemma is certainly true for |fc| ^ 3 
but there is a problem for k = ±1. Indeed, thanks to ([5] p. 95), the differential equation for 
J{z) = J^\z) is 

z(l - z)j" + [/3 + l-(a + /3 + 2)z]J' + n(a + /3 + n + 1) J = 0. 

So by plugging 2 = 0, 1 in the later we get 

f (/3 + l)J'(0)+77(a + /3 + 77 + l)J(0) = 
\ -(a+ l)J'(l) +n(a + /3 + n + l)J(l) = " 

From Table [2 a = ±1/2 and (3 = ±l/k so n(a + /3 + n + 1) ^ 0. As a consequence, J(l) 7^ 0. 
But when /3 = — 1 that is when fe = ±1, we get that J(0) = 0. Which is not compatible with the 
Lemma [TJ 



G 



This is why, in this paper, we are going to work with the assumption that \k\ ^3, which is 
in fact complementary to what was done in [2J. 

2.5 Yoshida transformation of VE]^ and EX^^. 
With the above notations we get the following 

Proposition 1 By setting x — f(z)£, the differential equation in time t: 

x = -\ip k ~ 2 x + ip k ~ 3 b, 
is transformed into the differential equation in z variable 



C" = rx(z)(- 



f(z)zV* 



Proof According to Yoshida, by dividing the original equation in time by <p k 2 and multiplying 

by — s(z) we get 

x" +p{z)x' = \s(z)x - fifl^. 

<P 

Now, the relation x = f(z)(, gives x" + p{z)x' = f(z)(" + (/" +p/')C> bence by dividing the 
previous equation by / and using [5] again, we get 

i-n ( \r As ( z ) f f s ( z ) b 

C" = r x (z K - S{z)b 



□ 

Let us set 

_/ 3 _i_ . . —5 

UJ — Z V 2 + 2fc-l( Z — 1) 4 . 

The field (D(z)[w] is a finite Abelian extension of (D(z). 

Corollary 1 The original systems in time VE2 a and EXj a a are equivalent to the following 
systems in z variable that we still denote by the same symbols: 



VEj - ' y" = r jy + ujx 2 , 
u" = r.yU + ujxy, 

The coefficients of these systems are elements of Kq := <E(z)[uj]. Here, in order to simplify 
notations we set: 

r a = r\ a (z) = r (z) + X a s(z). 
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Proof In EX^ a p, let's perform the Tschirnhaus transformation by setting 

x(t) := f(z)X(z); y(t) := f(z)Y(z); u(t) := f(z)U(z). 
According to the above proposition, the system in time is therefore equivalent to 



X" = r a X 



But now, 



z 



Moreover direct computation gives 

Hence, the last equation of EXg a p becomes 

U" = r^U - ^-XY. 
7 2k 

Coming back to minuscule letter by setting 

X = -2kx; Y = y; U = u, 

we get the desired expression of EX^ a p into z variable. Similar computations hold for VEj a . 

'□ 

3 Second level integrals and hierarchy 

3.1 The second level integral involved in VE 7 ^ and EX7, afS 

From now on, we will only work with differential equation in z variable, with coefficient in 
K = <D(z)[u]. 

Proposition 2 Let F be a differential field containing the elements r, u>, b, and a basis of 
solutions {ui; U2} of u" = ru. Then, the field F contains all solutions of the differential equation 

u" = ru + cub, 

iff it contains the two following integrals 

<£>i := / ojUib, i = I, 2. 



Proof Classical variation of constant. □ 

Let us denote by Fi/Kq the Picard- Vessiot extension associated to the homogeneous part 
of one of the systems S := VEjJ Q , or S := EXj a p. Let also denote by F 2 /K the Picard- Vessiot 
of S. From the above 



8 



• For S — VE2 a , F2/F1 is generated by the four integrals $ = J ujyx 2 . That is, in term of 
basis {xi;x 2 } and {2/152/2} of the corresponding homogeneous equations, we have at most 
six generators, given by the integrals 

$ := J U Vi X, » = 1;2. 

where X £ {x\ : x\X2,x 2 ^} . 

• For S = EXj a/3 , F2/F1 is generated by at most eight integrals ■= J uutyjXi, with 
i,j,l = 1,2. 

These systems are complicated ones, nevertheless we get the following elimination result 

Theorem 1 If the groups G a ,Gj3 7 G 7 are finite then the Picard-Vessiot extensions of VE^, 
and EXj a p are virtually Abelian. 

Proof In these cases F\/Kq is algebraic. It is also the algebraic closure of K in F2. Since F2/F1 
is generated by first level integral with respect to F\, G&\°(F2/K ) is a vector group. □ 

From now, since the casuistic is sufficiently tremendous, with those cases only, 
we shall assume up to the end of this paper that 

Go *~io f~1Q f i 

a — — <-f 7 — u n . 

3.2 Hierarchy of the integrals involved in VE^ and W)C 2al} . 

Since in the considered cases the group G\ of w" — r\w has the connected component G a , the 
equation always have an algebraic solution that we shall always denote by an index one, i.e., w\. 
The second solution is given by 

w 2 — wil\withl = I\= I it . 

J w\ 

With this convention the second level integral involved in VE 7 ^ can be classify in following 
diagram 

$ = / uyixl, 

$ 7 = / ujy 2 x\ = / $'/ 7 , $ a = / u}yix lX2 = J $'J a , 

$ 7 , Q = 1^2X^2 =f&I 1 I a , $2a = Jcjyixl = / 

$ 7 ,2« = /wy 2 a;| = /$'/ 7 /2 

Observe that $ is a first level integral with respect to the algebraic extension K of (D(z), with 

X := €{z)[u;yi;xi] = K [yi;xi}. 

The remaining five integrals, are of second level with respect to K. Their complexity grow at 
each change of line in the diagram. 

For EX2 a p, we proceed similarly. Here, $ = J cjuiyiXi is first level with respect to 

K := <E(z)[co;ui;yi;xi] = K [ui;yi;xi]. 

The diagram of complexity is now the following 

$ = / umyixi, 
$ 7 = /*'J 7 , $ j8 = /$'J /9 , <f> Q =/<D'I Q , 

$ 7,/3 = J $ ' 7 7 7 /3> $ 7,« = I ^' I l I oc, $/3,a = J ®If)I a , 
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4 Ingredients and tools 



4.1 A cohomological argument to decide between solvability and Abelian- 
ity 

Here we recall one important result stated and proved in the first part of this paper (Theorem 
3.1 of U). And we add to it some refinements which are going to be useful for effective testing 
of the virtual Abelianity. 

Theorem 2 Let F\/K and F2/K be two Picard-Vessiot extensions with F± C F2 and F2/F1 
generated by integral of second level. Then G2 is virtually Abelian iff Gi is virtually Abelian, and 
any second level integrals $ £ F2 can be expanded into the form 

$ = Rx + J, 

where R\ £ T(F±/K) and J' £ K. Here K is the algebraic closure of K in F2. Moreover, for all 
ct£G° 2 , a($)-$€T(Fi/K). 

Here we recall that T(F\/K) stands for the Picard-Vessiot ring of the extension F\/K. 

Let K C Fi C F 2 be a tower a Picard-Vessiot extensions satisfying the assumptions of 
Theorem [21 with F\jK virtually Abelian. Let $ £ F 2 be a second level integral. If G 2 is 
virtually Abelian, the mapping 

a 1 — > C(cr) := cr($) - $, 

is a cocycle from Gj with values in the G^-module M = T(Fi/K). Indeed, C is a cocycle since 
it satisfies the relation 

C(sa) = s-C(a) + C(s). 

Now, let R G M = T(Fi/K), and h be an arbitrary mapping from G% to the field of constats C, 
we say that the mapping 

B:G°^M; a H> cr(R) - R + h(a), 

is an extended coboundary from with values in M. When moreover, h 6 Hom(G2,G), then 
we say that B is a coboundary . Direct computation shows that an extended coboundary B is a 
cocycle iff B is a coboundary. 

In this language, Theorem [2 says that if G 2 is Abelian, then any cocycle associated to a 
second level integral is a coboundary. We may wonder about a converse. Let $ be a second level 
integral such that there exists R £ T{F\/K"), and some function h : G§ —> G, (here we do not 
assume a priory that h is additive) , satisfying 

a(<S>)-<f> = a(R)-R + h(<T), Vct £ G° 2 . 

This relation yield the following implications 

ct($-R) = <S>-R + h(a) 
cr($' - R') = - R' 

- r' e k. 

Hence, there exists J such that J' is algebraic over K, and $ = R + J. As a consequence, 
we proved that the cocycle associated to a second level integral $ is a coboundary iff $ can be 
computed in closed form. 
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Let us conclude this sub-section by explaining how we will use these observations. For any 
given tower of Picard-Vessiot extensions and an explicate second level integral the fact that 
the associated cocycle C(a) = cr(<&) — $ belong to T{F\/K), will give us necessary conditions 
for the virtual Abelianity of G2. Next, thanks to the previous arguments, we will find sufficient 
conditions, showing that the cocycles are coboundaries. 

4.2 Ostrowski relations and necessary conditions for virtual Abelianity 

The following lemma was also stated into the first part of this paper as a consequence of Theorem 
[21 (see Lemma 3.3 of [4]). But we state it again in a more appropriated version to the present 
context. Moreover, we prove it again since its proof is better understandable into the framework 
of the cohomological arguments. 

Lemma 2 Let K C F\ C F% be a tower of Picard-Vessiot extensions of K , with the same field 
of constants C , and satisfying the following conditions 

• G° = G a , T{F 1 /K) = K[I], and V G K, 

• F2 contains some second level integrals of the form $1 := J with G K, and $ G F2. 
If F2/K is virtually Ahelian, then $ and I satisfies Ostrowski relation of the form 

$ - dl G K, for somed G C. 

Conversely, if such a relation holds then the extension K(I, <&i)/K is virtually Ahelian. 

Proof There exists c G Hom(G2, (D) such that for all a G G2, we have a(I) = I + c(er). Hence, 

= $; + c(a)& => o-($i) - $1 = c(cr)$ + d(a), 

for some mapping d : G2 — > <D. Now according to Theorem [3J the virtual Abelianity of F2/K 
implies that the cocycles u($i) - $1 G T(F 1 /K) = K[I]. Hence 

- $1 = c(<t)$ + d(a) G T(Fx/K) = K[I]. 

Let us choose a = 00 such that c(cto) = 1. The last relation implies that $ G K[I\. Hence, the 
two primitive integrals over K, $ and I must be dependant and we conclude thanks to Ostrowski. 

For the converse, let us assume that $ = dl + f for some / € K. Integrating by part, we 
can compute $1 in closed form thanks to first level integrals. Indeed we get 



$1 = dI 2 /2 + fI- 




and the claim follows since, J fl' is a first level integral w.r.t K . 

Alternatively, let us show on this example how the previous cohomological arguments are 
working here. If we assume that $ = dl + f for some / G K, we get a closed expression for the 
cocycle 

cr($i) - $1 = $c(cr) + d{a) = dlc(a) + fc(a) + d{a) G T{F\/K) = K[I\. 
Let us show that this is an extended coboundary. If we set P(I) '■= dl 2 /2 + //, we get 
a(P(I))-P(I) = P(I + c(a))-P(I) 

= i(I + c (a)f+f(I + c(a))-p 2 -fI 

<j(P(I)) - P(I) = dIc(a)+fc(a) + ^P-. 
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Hence, by comparing the above two formulae, we get 



*(P(I)) - P(I) + h(a), 

where the function h : G\ — > C, can be computed thanks to the formula given by h(o~) — 
—dc 2 (a)/2 + d(a). Since the cocycle: <7($i) — <&i is an extended coboundary, and, in fact, is a 
coboundary, $1 can be computed in closed form, and the result follows. □ 

This proof explains why we introduced, the a priory artificial notion of an extended cobound- 
ary. Indeed, when looking to the complicated formula for h above, it not obvious that it is a 
group morphism from G% to C. Nevertheless, what is really important for our purpose is that 
h takes constant values. In the more complicated cases that we shall meet below, we will not 
explicitly compute h, but we will only show its existence. Moreover, the advantage of this co- 
homological approach is that it shows that a second level integrals can be explicitly computed in 
closed form without having to make this computation explicitly. This will make things simpler 
in the more complicated cases below. 

4.3 Testing Ostrowski relations thanks to characters 

Let K/<C(z) be an algebraic extension. Let $ and I be two primitive integrals of elements 
belonging to K. In order to test if they satisfy an Ostrowski relation of the form 

<f> + dI = peK (11) 

for some d € (D, we shall use the following observation by taking advantage that $ and I are 
primitive of algebraic functions. 

Let a be a Galois morphism fixing <D(z), for example a monodromy operator, and assume 
further that a acts on <&' and V by characters according to the formulae 

cr($') = xW, cr(J') = *(/)/'. 
By integrating we get relations of the form 

<t($) = + c*, a(I) = X (I)I + c I . 

As a consequence, applying a to pip , we get a system of two equations 



1 1 H $ , , 

X(*) x(7) \dl \ a(p) - c« - da 



G K 



2 



If x(^) 7*= X{I) t ne matrix is invertible and pT|) implies that $ is algebraic. We have therefore 
proved the following criteria. 

Lemma 3 

1. Assume that $ is not algebraic, and that there exists a monodromy operator a acting by 
character on $' and I'. //%($) ^ then ill]) does not hold. 

2. Here is a generalisation: Let ii, . . . , I n be n + 1 integrals over K. Let a be a Galois 
morphism acting by characters on the derivatives 

ct($') = x**', = Xjlp forj = !,...,». 
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tf) X<& $ {Xii • • • i Xn}, then an arbitrary Ostrowski relation of the form 



i=l 



implies that $ G K 

The proof of the second point is similar to previous particular case. Indeed, by grouping 
together the Ij corresponding to the same character, we are reduced to the case where all the Xj 
are distinct. Then, the action of the a p for ^ p ^ n lead to an invertible Vandermonde n x n 
system, which allows a similar conclusion as in point (1). 

We are going to use this lemma in the proofs of Propositions [51 [7] and [5] below, by showing 
thanks to monodromies that some Ostrowski relations are impossible. This is one of the great 
advantage of Yoshida transformation in comparison to the time parametrisation, where the sin- 
gularities of the corresponding complex functions are not well understood. Another advantage 
of Yoshida transformation is going to be shown right now. 

4.4 To be or not to be an algebraic integral 

Remark 2 Let F/Kq be the Picard-Vessiot extension of either VE^q,, or EX] n ^, over the 
field Kq — <C(z)[uj]. The two above systems are Fuchsian with singularities at z £ {0,1, oo}. 
Indeed, according to Corollary []] and Proposition [21 each solution of any of these systems is 
holomorphic in any simply connected domain of P 1 \{0; 1; oo}, with at most exponential growth 
at the singularities. 

As a consequence, the Schlesinger theorem implies that Gal(F/(D(z)) is topologically gener- 
ated by the two monodromies Aio and M.\. 

This observation will have the following important consequence. Let T be a holonomic element 
of F fixed by Ma, and having a finite orbit under < A4± >. More generally, let us assume that 
r has a finite orbit under the monodromy group M C Gal(F/(D(z)). Then necessarily, T is 
algebraic over <D(z). Indeed, since T is holonomic, there exists a (D-finite dimensional vector 
space V containing T on which GaX(F/<D(z)) acts algebraically. As a consequence, the map 



is a morphism of algebraic variety. Since the image f{M) is finite, it is a Zariski closed subset 
of V, so / _1 (/(A / I)) is a closed subset of Gal(F/(D(z)) containing M. Since M. is dense in 
Gal(F/(D(z)), we get that = Gal(F/C(z)) and the orbit of T under Gal(F/C(») is 

finite as has to be shown. 

The most general integrals $ and we shall meet below are Abelian integrals of the form 



• Q(z) — z e °(l — z) ei , where the exponents eo and e\ are rational numbers > —1, with 
e + ei £ %. 

• P{z) S <C[z}. 

• J(z) is a Jacobi polynomial having n simples roots < z\ < • • • < z n < 1, if n = deg(J) ^ 



/ : Gal(F/C(z)) -+ V; 



o i ^ <r(r), 




where 



1. 
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Precisely, T will be an integral of the type $, for n = deg( J) = 0, and of the type <J/ otherwise. 

According to Remark [SJ if one of the two exponents eo, or ei is an integer, then the corres- 
ponding integral $, or $ has finite orbit under the monodromy group, hence is algebraic. This 
is a very surprising fact especially for the integrals ^. Indeed, this shows that here, the P, il and 
J must be so specific that Pfi/J 2 does not has residues at none of the z%. 

Away from those cases, we now have to investigate the integrals T, for which the two exponents 
are not integers in order to be able to test their eventual algcbraicity. 

4.4.1 Reduction of the integrals 

When trying to compute V in closed form we get the following formula 



j ) j 2 

with 

U(z) := tt(z)z{l-z) 

T(R) := z(l-z)JR'+[(e + l-(e + e 1 +2)z)J + z(z-l)J']R ' 
Viewed as a linear mapping of <D(z) to itself, T is injective. Indeed, 

(T(R) = 0) =► (^] = =► (R = 0). 

Now, if we restrict T to <D[z], by computing the leading term of T(z r ), we see that the condition 
eo + e% <£7L implies that T increment the degree by n + 1. That is deg(T(R)) — deg(R) + n + 1. 
By counting dimensions we therefore get that for all N 0, we have the following direct sum 
decomposition 

<D N+n+ i[z] = T{<D N [z])®€ n [z]. 
Since it holds for all N 0, we get 

€[z] =T(€[z])(BC n [z]. 

As a consequence, we can reduce any integral T by lowering the degree of the numerator in the 
following way : VP G <C[z]3\(R,A) G <D[z] x € n [z] such that 

P = P(P) + A. (12) 

By multiplying this equality by ft/ J 2 , and integrating we get 

PQ RU f Afl 

I 2 ~ ~T + J J 2 ' 
r(p) = ^ + r(A). (13) 

Since R13/J is algebraic, T(P) is algebraic, iff T(A) is algebraic. For the study of this problem 
we get the following. 

Theorem 3 Let P, f2, J be as above with eo and e\ in Q\S. 

1. The integralT(P) is algebraic iff it belongs to the field (D(z)[f2], that is iff there exists R G (D(z) 
such that P = T(R). 
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2. VP G €[z] and P G (D(z), the relation P = T(R) implies that R G <D[z]. 

3. For a polynomial P G <C[z], let R and A satisfy equation U2\). Then T(P) is algebraic iff 
A = 0. Two integrals T(Pi) and T(P2) satisfy an Ostrowski relation: T(Pi) + dT{P2) is 
algebraic iff for the corresponding As, we have Ai + dA.2 = 0. 



4- If P is a non zero polynomial with deg(P) ^ n, then T(P) is transcendental. Moreover, the 
.P 



n + 1 integrals J ^jp with ^5 s ^ n are algebraically independent. 



The ideas behind this result are very closed to what we did in [3]. 
Proof 1. Since the exponents are rational but not integers, there exist a minimal integral power 
d ^ 2 such that f2 d G <D(z). As a consequence, the field extension (D(z)[f2] = (D(z)[l5]/(D(2;) is a 
Kummer extension of degree d. Now, T(P) is algebraic iff it belongs to <D(z)[U]. It can therefore 
be expanded into the form 

r(p) = J ™ =^o' with u s ec(4 

Taking derivative of the above equation, we obtain the following expression 

PO /Pi J' 13' \ P s „ s 



J 2 ^\Rs J ' "U J J 
Since in the right hand side, each coefficient of 13 s is in (D(z), we must have 

'Ri. 



and 



■U ) =0 fors > 2, 



and the claim follows. 

2. If P = T(R) with P G <D(z), then the function 



TV ^ / ™ ^ 



is holomorphic in an arbitrary simply connected domain of (D \ {0, 1, Z\, . . . , z n }. So, if R has 
got a pole, it must belong to {0, 1, Zi, . . . , z„}. But for all p^ 1 , the leading term of T(l/z p ) is 
given by 

T(l/zP) = J(0)[e o + l-p]/z^0, 

sinceeo ^ ZandJ(O) 7^ O.As a consequence, z = cannot be a pole of P. A similar argument 
hold at z = 1, since the expansion of T(l/(z — l) p ) begins with J(l)[p — eo — 1]/ (2 — l) p . 
Around z — Zi, T'(z) is of the form 

T'(z) = a/(z - Zl f + 0/(z - Zi ) + hi(z), 

with h\ holomorphic. Indeed, because T is algebraic V does not have residue. So, 

T(z) = -a/(z - z^ + h 2 (z) = R13/J = Rh 3 (z)/(z - Zi ), 
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with hi and /13 holomorphic around Zi. Since h^(zi) ^ 0, R cannot have a pole at Z{. Hence, R 
is polynomial. 

3. and 4. follow from the following observation. Let A G <D„[2:] be such that T(A) is algebraic. 
Point 1 implies the existence of some R G <C{z) with A = T(R). But according to point 2, R is a 
polynomial. If i? ^ then deg(A) = deg(i?) + n + 1 > n which is contradictory. So A = T(0) = 
and the integral is algebraic iff A = 0. □ 



4.4.2 Linear forms and the equation A = A(P) = 

The above result show that the algebraicity of an integral T(P) reduces to the vanishing of the 
polynomial A appearing in equation (fl"2j) . Although the correspondence P H> A is linear, the 
decomposition given by equation (|12p , is very hard to perform effectively. Here, we are going to 
show that the vanishing of A can be controlled by the vanishing of some linear forms on P which 
can be directly computed thanks to some definite integrals. 

In the most simple case, that is for J = 1, i.e,, when J(z) is a constant, this is achieved 
thanks to the following. 

Proposition 3 Let eo and e\ be two real numbers greater than —1, and belonging to with 
eo + ei g" 7L. Let us set Q :— z e ° (1 — z) ei . Then we have 

1. For any polynomial P, the primitive integral $ := J Pfl is algebraic iff 

At(P) := / PVL{z)dz = 0. 
Jo 

2. For all n £ N, 

M* w ) = 7 + g(eo + l;e 1 + l). 

(eo + ei + 2)„ 

where B(p; q) is the usual Euler Beta function and {x) n is the Pochammer symbol. 

3. Lf P{z) = J2PnZ n , then $ is algebraic iff 

ST ( e o + l )n _ n 
2^" (eo + ei + 2 ) n ~ u 

The condition on the two exponents to be greater than -1, guaranties the convergence of the 
generalised integrals between and 1. The first point shows that the set of polynomials for which 
$ is algebraic is an hyperplane given by the kernel of the linear form /i. 

Points 2 and 3, give explicit criterion on the coefficients of P to decide whether or not $ is 
algebraic. 

Proof 1. Since J — 1, in the decomposition given by equation (fl"2"|) : P — T(R) + A, we have 
that A is a number. The corresponding relation (1131) . can be written 

$ = / PCI = R15 + A j \l = R(z)z eo+1 (l - z) ei+1 + A J n. 

Now let us compute A by evaluating the integrals between and 1. Since e p + 1 > for 
p G {0; 1}, and R G <D[z], we have 



fi(p)= [ pn(z)dz = A[ n(z)dz => a = (i(p)/[ n 

Jo Jo Jo 



(z)dz. 
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2. Is a direct consequence of the relation 



„(*»)= / /» + "(l-,r'rfz = % + )l+ l;e 1 + l)= r(e0 + ,l+1)r(ei + 1) 



r(e + ei+n + 2) 

3. Follows directly from the previous considerations. □ 

On the basis of the same ideas we now treat the case when deg( J) = n ^ 1. 

Let < z\ ^ • • • ^ z n < 1 be the roots of J. Let 70 be a half of the circle going counterclock- 
wise from to 1. Let 7^ for 1 ^ i $C n be some small trigonometric circles each enclosing Zi and 
no other root Zj . Let us consider the n + 1 linear forms on (D [z] given by 

r 

k(P) := J J,-, i sc n. 

Then we get the following 



Proposition 4 Wit/i i/ie previous notations 

1. If P = T(R) + A as in relation ^W\), then for allO^i^n, d(P) = &(A). 

2. The n + 1 linear forms Li are free and J -jP is algebraic iff for all ^ i ^ n, A(-P) = 0. 

Let us observe that this property is a generalisation of the previous one. Indeed, £0 = Mi f° r 
deg(J) = 0, that is when J = 1. Here the problem is that we do not find comparable simple 
closed formulae for the linear forms Li. We mention this difficulty because the Li(P) got the 
flavour of some periods on some Abelian variety. But we did not find this link precisely. This is 
probably the deep reason why things are so complicated in our context. Maybe we did not find 
the proper geometric space where the actual notions would get some more transparent meaning. 
Proof 1. This is a direct consequence of relation ([TB")) . 

2. For Po = J 2 the function Pil/J 2 = il has no residue at none of the Zi, hence 

£ (J 2 ) = fj,(l) ^ and A(J 2 )=0, for 1 < i < n. 

Now let us set P s := J 2 /(z — z s ), fori ^ s ^ n. The function P s Vl/J 2 = 0/(z — z s ) has a 
non zero residue at z s , and zero residue elsewhere. So, L S (P S ) ^ and Li{P s ) — for i ^ s, 
and 1 ^ i ^ 11. From this it follows immediately that the n + 1 linear forms £ s are free on 
<D[z]. According to point 1, their restriction to <D n [z] form a basis of the dual space (D„[z]*. As a 
consequence, any A £ <D n [z] is zero iff it belongs to the common kernel of the linear forms. And 
we can therefore conclude that J -jP is algebraic iff for all ^ i ^ n, Li(P) = according to 
Theorem O □ 



5 Reducing the virtual Abelianity of VE^ and EX^a to 
Ostrowski relations 

In this section we exhibit the integrals and the Ostrowski relations which are going to govern 
the virtual Abelianity of the systems VEj a and EXj a a . Next in the two sections that follow 
we will test effectively these results. 



17 



5.1 Getting obstruction thanks to the integrals & u for v e {a,/3,7} 
Proposition 5 WWi the notation of Section \S.2[ we get the following necessary conditions 

1. If the differential Galois group of VEj a is virtually Abelian, then, we get two Ostrowski 
relations $ + g? 7 / 7 and $ + d a I a are algebraic over C(z) for some constants e? 7 and d a in (D. 
Here, <I> = J uiy\x\. 

2. If he differential Galois group o/EXj a ^ is virtually Abelian, then we get three Ostrowski 
relations $ + d 7 / 7 . $ + dplp and $ + d a I a are algebraic over (D(z). Here, $ = J wuiyiXi. 

Proof Let F/i^Tbe the Picard-Vessiot extension VE2 Q . According to Section [XU we get the 
following inclusion 

K C F? := *f(I 7 ) C ^ := F7($ 7 ) C F, 

and a similar one by changing 7 to a. The fact that F/K is virtually Abelian implies the same 
property for F% /K, and Ff /2£\ Then we can conclude thanks to Lemma [5J Similar arguments 
hold when dealing with EX^ Q p . □ 

5.2 Strategy and Game 

Two cases may a priory happen, when applying the above Proposition: $ is either transcendental 
either algebraic over K or <D(z). 

5.2.1 When $ is transcendental 

If this occurs, then the virtual Abelianity of the differential Galois group of S = VE^ a , or 
S = EX^ a p implies that the corresponding constants d 7 , dp and d a are non zero complex 
numbers. As a first consequence we must also get Ostrowski relations between the integrals I. 
For instance, d 7 / 7 — d a I a is algebraic... 

5.2.2 When $ is algebraic 

In this situation, the Ostrowski relations of Proposition [5J hold with c? 7 = dp = d a = and the 
proposition is helpless. Unfortunately, as we shall see in Section 5 and 6 below, $ is algebraic 
very oftenly. This is the reason why we have to find new necessary conditions for the virtual 
Abelianity of differential Galois groups of VEj a and EXj a p in this case. This will be the 
purpose of the next subsection. 

5.3 Getting obstruction when $ is algebraic 

In this subsection, we give the two criteria such that groups of VE2 a and EX^ a p are virtually 
Abelian when <I> is algebraic. 

5.3.1 Integration by part and new second level integrals $ m associated to the $ m 

Here, we keep notations and formulae given in Section [3.21 and we assume that for each system 
S = VE^ or S = EXj ^ its corresponding $ is algebraic, i.e., $ e K. We know that the 
Picard-Vessiot extension F/F\ = PV(5)/Fi is generated by second level integrals $„, and 
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which have, according to the given hierarchy, one, two or three indices. For each multi-index 
m £ {v\ I)}, let us symbolically write $ m = J $'/ m . Integration by part gives 

$ m = $r m - * m with # ro : = J $(/ m )'. 

Since $ £ K, $I m £ T(F 1 /K) = K[I], and F/Fi = PV(5)/Fi is generated by the corresponding 

Our motivation to introduce these new integrals ty m is the fact that the computation of their 
associated cocycles a(^ m ) — ^ TO is simpler than for the cocycles cr($ m ) — $ m . 

Now, we give the precise formulae for the given ^> m for one, two and three indices respectively. 
Next, we compute their cocycle, and give a general property about some specific cocycles. 



For one index Here we have t„ := J &I' V , for v £ {a,/3, 7}. 
Remark 3 Let us observe that the integrals 




are not well defined objects. This is because, as a primitive integral, $ is only defined up to an 
additive constant. Therefore, two integrals "Ji and ^2 defined for the same modulo constant 
terms, and the same /, are related by a relation of the form 

*2 = *i +dl+e, 

where (d,e) £ (D 2 . Hence, having an Ostrowski relation ^1 + dl £ K is therefore equivalent to 
have a representative ^2 = ^1 + dl which is algebraic. We will therefore use both of the two 
expressions. 

Let us observe also that point (3) of Theorem[5]below is coherent when the two representatives 
\l/ 7 and ty a are defined with respect to the same <&. 

Observe also that the ^ v are integrals of first level with respect to K, since and the I' v 
are in K. 

For two indices For i ^ j, we have 

»« = / *('.'- f J + W = j *'i- f J + 

.„ - + With My^/^ + M- 

In the particular case where i = j = a, by simplicity we divide by two the original by setting 

#2, 
*2. 



/ <bl' T = / / 
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For three indices We get 

*7, 2Q = J = J + KW, 

*7,2a = J %%+2*' a I a I^ 

#a,/3,7 = j Klply + V'pl-rla + %I a Ip. 

General formulae for the cocycles C m (a) := a(^ m ) — \I/ TO when a G G° Here G denotes 
the corresponding Galois group. In order to simplify notations we may some time write c v 
instead of c„(<r) in the relations cr(I v ) = I v + c„(<t), for a G G° . We get the following formulae 

Cij (cr) = Ci$j + Cj + kj (a) , 
C 2a (a) = 2c a y a + l 2a (a), 

C 7 ,2q(ct) = 2c a * a;7 + 2c 7 *2a + C^7 + 2c a C 7 * a + Z 7; 2a(0'), 

C Q ,/3, 7 (cr) = c a (a)^ fj ^ + cp(a)^ lia + Cy(a)^ ai p + c a cp^ y + cpOyVa + c 7 c a \I> p + l a ,p l7 (a), 

where the respective l m are function from G° to <D. 

We make only the computation for C 7j 2a(c) since the others are similar. 
Since % aa = $(7 7 /2 + 21'J^), we get 

= + ^c a I a + c 2 a ) + 2M' a {I a + c a )(7 7 + c 7 ), 

^(*7,2a) = %,2 a + '2c a % t7 + 2c^' 2a +C 2 a % + 2c a C 7 %, 
Cj,2a( a ) = 2c a * a;7 + 2c 7 * 2a + C^* 7 + 2c a C 7 * a +Z 7i 2a((T). 

The last relation has been obtained by integrating the previous one. As a consequence the 
function l 7 ^a '■ G° — > (D has constant values, but it is far to being a group morphism. This can 
be simply seen if we translate for I the cocycle relation for C. 

Cocycles of degree in I and symmetric matrices When proving the two theorems below, 
we will get explicit polynomial expressions of the above cocycles, since a necessary condition for 
the virtual Abelianity of G is going to be 

Va G G°, C m (a) G T(F\/K) = K[I] := K[h, . . .,/„]. 

In practice, these cocycles are going to be of degree one or two in I. Precisely, let us assume 
that Fi/K = K(I\, . . . , I n ), is generated by n independent first level integrals. Let us denote by 
I T := (h,...,I n ) and C T (a) := ( Cl (<j), . . . , c n (a)). 

We say that a cocycle C(a) = cr( v &) — ^ is of degree one in I, if it has the form 

C(cr) = C{a) T AI + C{a) T AC{a) + F T C(a) + 1(a), 

where A G M n (K) and A G M n (K) are n x n matrices, F G K n and, / is a constant valued 
function. 
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In the particular case where A and A are constant matrices (i.e., belong to M„((D)), the 
mapping a i-> C(a) T AC(a) is a constant valued function. So, the general expression of the 
degree one cocycles with constant matrix can be more simply written 

C(a) = C(a) T AI + C(a) T F + 1(a). 

With these notations, we get the following property which simplifies the proof of the theorems, 
enlightening a link between the abelianity of a group, and the general idea of symmetry which 
is realised here by symmetric matrices. 

Lemma 4 Let us assume that F\jK = K(I\, . . . ,I n ), is generated by n independent first level 
integrals over K . 

1. Let 

C(a) = C(a) T AI + C(a) T AC(a) + F T C(a) + 1(a) 

be a general cocycle of degree one in I. Then, C coincides with a coboundary iff A is a 
symmetric matrix, and A — 2 A G M„((D). 

2. Let C(a) = a(^) — ^ = C(a) T AI + C(a) T F + 1(a) be a degree one cocycle with constant 
matrices. Then C coincides with a coboundary iff A is symmetric. If it is the case, then the 
corresponding second level integral VP can be computed in a closed form thanks to a quadratic 
expression of the form 

* = ^I T AI + F T I + JwithJ' G K. 

3. For n = 1 every degree one cocycle with constant matrix is a coboundary. 

Proof (1) Since C is of degree one in /, if it coincides with a coboundary of the form AP + h(a), 
then P(I) must be quadratic in /. It can therefore be written into the form 

P(I) = I T SI + B T I, 

for some symmetric matrix S £ M n (K), and B e K n . The relation C(a) = AP + h(a) = 
P(I + c) — P(I) + h(a), is therefore equivalent to having 

I T AC(a) + C(a) T AC(a) + F T C(a) + 1(a) = 2I T SC(a) + C(a) T SC(a) + B T C(a) + h(a). 

For a fixed value of a, both side of this equation are affine linear forms in / with coefficients in 
K. Hence, we must have 

AC(a) = 2SC(a), 

for all a G G° . Since C(a) span all (D n , when a G G° , we have that A = 2S is symmetric. 
Moreover, the previous equation is reduced to 

C(a) T (A - S)C(a) + (F - B) T C(a) = h(a) - 1(a). 

By derivating both sides of this equation, we obtain 

C(a) T (A' - S')C(a) + (F' - B') T C(a) = 0, for alia G G° . 

This is therefore equivalent to A' - S' = and F' - B' = 0. That is to having A-2Ae M„((D). 
Conversely, if those two conditions are satisfied, we just have to choose B = F to get the desired 
coboundary. 
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(2) When C is of degree one with constant matrix, it coincides with a coboundary iff A 
is constant and symmetric, since in this case there is no condition on A. Conversely, if A is 
symmetric, the computation above with A — shows that \& and ^ :— \l T AI + F T I, have 
equal cocycles up to a constant valued function, therefore the difference *f> — $ is a first level 
integral. 

(3) is obvious since a 1 x 1 matrix is always symmetric. □ 

Let's observe that the computations of the second level integral <£>i appearing in Lemma [5J 
is a particular case of points (2) and (3) of the above lemma. 

5.3.2 The criteria for the virtual Abelianity of EX] Q ^ when $ is algebraic 

We decided to begin with EX] a a because here, the role played by the integrals l v is symmetric. 
This is not the case when dealing with VE] a . As a consequence, although they proceed with the 
same methods, the proof of Theorem H is more transparent than the proof of Theorem [3] below. 

For the statement and proof of the following result, we use the notations introduced above. 
The first point of the theorem gives a necessary condition for the virtual Abelianity of EX] a ». 
Having expressed this first necessary condition, the next three points will give sufficient conditions 
for the virtual Abelianity of EX] a Each of them depends on the degree of dependence of the 
integrals I 7 , Ip and I a . Notice also that also that in the formulae G C K p , with p = 2 or 3 
below, the letter G denotes a p-component vector which has nothing to do with the Galois group. 

Theorem 4 With the notation of Section \3.'A let us assume that $ = J u)U\yxXx is algebraic, 
i.e., 

1. Let us denote by \& = ($ tt , fyp, v f' 7 ) T , and similar notations for the three component vector 
I. 7/EX] Q/3 has virtually Abelian differential Galois group, then there exists an Ostrowski 
relation between and I of the form : 

* = DI + F G K 3 , 

for some constant 3x3 matrix D and F G K 3 . 

2. If the integrals I a , Ip, I~ i are independent over K , then EX] a ~ has a virtually Abelian differ- 
ential Galois group iff the two following conditions are satisfied 

a) There exists a unique determination of $ modulo constants such that each ^ for ji G 
{7; f3; a} is algebraic. This correspond to having D = in point (1). 

b) For this determination 0/$ the integrals Mij are of first level, and can be expanded into 
the form 

M = EI + G, 

for some constant 3x3 symmetric matrix E, where G C K 3 ,and M := (Mp :1 , M liCt , M„^) T '. 

3. If the integrals I a ,Ip,I-y form a system of rank one over K, that is if we have Ostrowski 
relations of the forms Ip — OpI a G K and / 7 — 9 7 I a G K , then EX] a ^ has a virtually Abelian 
differential Galois group iff condition (1) holds and, for the first level integrals N^j defined by 
equation \1J$ below, we get an Ostrowski relation of the form 

Np n + dpN 7tOI + 9 1 N a ^ = el a + 5, 

with e G (D and g G K . 



22 



4- If the integrals I a ,Ip,I~/ form a system of rank two over K, that is if we get one Ostrowski 
relation of the form 

1 1 — blp — al a G K, 

and I a ,Ip are independent. Then, EX^ a a has a virtually Abelian differential Galois group 
iff the following conditions are satisfied 

a) There exists a choice of $ modulo constants such that (1) can be written 

* a = xlp + f a , = yl a + fp,% + b^p + a^ a e K. 
with x and y in (D. 

b) For the first level integrals A/^j defined by equation U5\) below, we have a relation of the 
form 

' N M + aN a ,p \ = E f la | +G 



N an + bN aJj J \ I 

where, E is a 2 x 2 constant symmetric matrix and G G K 2 . 

Proof (1) Let us set F/K = PV(EX2 a g)/K, and assume that G is virtually Abelian. According 
to Theorem [21 since each G F, the cocycles 

e itj (a) = o-^j) - = aWVj + + G T{F X /K) = K[I] := if [I 7 , I p , I Q }. 

By considering all those possible relations with i ^ j, we get three relations which can be written 
into matrix form 

c 7 (cr) cp(a) 
c 7 (a) c a (a) I I V p I = G T{F X /Kf. 



cp(cr) c a (a) 

But det(C) = 2c a {a)cg(a)c 1 {a) ^ 0, for some a G G°. So, by inverting this system we get that 
all ^ G T(Fi/K). So, Vf^, I a , Ig, J 7 are four dependant integrals of first level over K, from 
which we can deduce the desired Ostrowski relations. 

(2) By plugging each = di.^I^+f^ into the above Cij(cr), we get that each a(^i.j) — ^i.j 
is a cocycle of degree one with constant matrix. Indeed, let us do this for ^ a ,/3- 

(dp, a dp,p dg tl \ / I a \ / fp 
d a ,a d a ,0 d an I I Ifi \ +(c Q ,C/3,C 7 
) fa 

o o o J V ly J V o 

C a A<?) = C{o-) T A a . 8 I + C(a) T F a .a + l a , 3 (a). 

According to Theorem^ the Abelianity of G° implies that the cocycle must be a coboundary. 
From Lemma S] the equivalent condition is that A a> g is a symmetric matrix. As a consequence, 
we get that 

dg.-y = da, 7 = and d a ^ a = dp^g. 

Since the same arguments hold by considering Cg i7 and C 7 . Q , we deduce that D = dl^, for some 
d G (D. As a consequence, we can write 



J = di, + u =► /(* - ^ = / M g if, 
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for fi £ {a, /3, 7}. Therefore, if we substitute, $ — d to $ in the definition of the corresponding 
ty^, then they all are algebraic. This proves point (a). Let us assume from now that we are in 
this situation. Then, each Mij = J ^ilj + \£ jl[ is a first level integral. 

Since, ^ a ,/3.-y = J ^tylpla + ^'pl-yla + ^'cJi^P is a second level integral that belongs to F its 
associated cocycles C a ^ i7 (cr) e T(F\/K) for all a e G°. But 

C a ,0r<( (T ) = c a {a-)^p n + cp{u)^^ ta + c^(a)^ a ^ + c a cp'^ 1 + cpc 7 ^ a + c^Ca^p + l a ,p tl (a). 

As a consequence, each VP,^ 6 T(F 1 /K) since the vectors C(a) = (c Q (cr), cp(a), c 7 (er)) T ranges 
(D 3 , when cr ranges G°. Therefore, each Mjj — ^ Jj + ^jli — v t 'i.j is a first level integral which 
belongs to T(Fi/K). Hence, we get a matrix type Ostrowski relation of the form M = EI + G, 
where E is constant 3x3 matrix, and G G K 3 . The previous relation implies that 

Z := * 7 . Q =y/-£;/-G, with Y := * 7 * a e M 3 (if). 

V *«,/3 / V */? *a / 

As a consequence, we get the following formulae for the cocycle 

Ca,pM = C(a) T Z+^C(a) T YC(a)+l a ^ n (a) 

= C(a) T (YI -EI-G) + ^C(a) T YC(a) + l a ,p n {&), 

Ca,/3,» = C(a) T (Y ~E)I+^C(a) T YC{a)~C{cj) T G + l a ^, 1 {a). 

Hence, C a ,p n is a general coboundary of degree one. We get the formula of the first point of 
Lemma [4] by setting 

A := Y - E&ndA := Y/2. 

Since Y is symmetric, C Q ,^, 7 is a coboundary iff E is a symmetric matrix. This proves the claim. 

(3) For simplicity, we set / := I a and c := c a , then by assumption we get W E {a, /3,7}, 
c„ = d^c, with 9 a = 1. Let's assume that G is virtually Abelian. Here, the Ostrowski relations 
of point (1) can be written 

W g {a, 0, 7}, = d v I + f v w\Xhd u eC,/„ G K 

As a consequence, the cocycles Cjj are of degree one with constant lxl matrices. Indeed we 
get 

Therefore, according to Lemma HI those cocycles are coboundary and there exist some first level 
integrals Nj such that 

= \ {9idj + (l.il, J~ + {Oifr + ()■,}, : I + Nij . (14) 
Now, if we denote by the symbol @the sum over the three cyclic permutations of the indices 
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(a,/3,7), we get 

to, 

+c 2 ($)6 l 6 3 (d h I + f h ) 

C a ,0 n (<r) = d[cl 2 +c 2 I]+2cfI + cf + c 2 f + cN + l a , Pn {<j), 

where we have set d := Q)0iQjd h e C, / := ($6 h Qifj S X and TV := 0^iV i; j is a first 
level integral. Since C a ^ n {a) e T(F 1 /K), for all a e G° , N also belongs to T(Fi/K). As a 
consequence, we get an Ostrowski relation of the form 

N = N Pn + 6pN lt<x + OjN^p = el a + g = el + g. 

This is precisely our additional necessary condition. Conversely, let's assume that (1) hold and 
N = el + g. We already saw that all the can be computed in closed form. We will conclude 
by showing that in fact Ca,/3, 7 is a coboundary. By plugging N = el+g inside the last expression 
°f Ca,/3,7i we see that the latter is of degree two in /. But we are going to decrease its degree 
thanks to the following trick 

A(/ 3 /3) = (/ + c) 3 /3 - / 3 /3 = cl 2 + c 2 I + c 3 /3. 

Therefore, 

C aJjr/ (<j) - A(dl 3 /S) = 2cfI + cf + c 2 f + cN + l a ^ 1 (a)-c 3 /3 
= A(fI 2 )+ceI + cg + l a ^ n (a)~c 3 /3 
C a ,p tJ (cr) = A[dI 3 /3 + (f + e/2)I 2 +gI}+l(a). 

So, C Q!( 3 i7 is a coboundary and G is virtually Abelian. 

(4) Here we have c 7 = bep + ac a . If we set: I T := (I a ,Ip) and C(a) T := (c ai cp) then the 
Ostrowski relation of point (1) can be written 

* = DI + F 

Again, the cocycles Cij are going to be of degree one with constant matrices of size 2x2 this 
time. If we write Cij(a) = C(a) T AijI + C(a) T Fij + kj(<j), the same computations as in point 
(3) give 

a _ ( ad p,a adp.f) \ F _ ( afp 

Pn \ d^ a + bdp, a d^p + bdp,p J ' *e« { / 7 + bfp 

a ( d 7t a + ad a . a d^.p + ad a ,/3 \ { / 7 + af a 

an ~ \ bd a , a bd a , J ' - ^ bfa 

a ( dp iCl dfijj \ ( fp 

The three cocycles Cjj are coboundary iff the matrices Aij are symmetric. This translates to 
having D of the form 

d x 

D = \ dp iCt d PJj | = ( y d ) e M 3;2 ((D). 

ad — by bd — ax 









H 


V *7 J 
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—ax J 










If we look at the first line of D this gives 

* Q = / $4 = d/ Q + + U /(* - <0^« = 0/ a + asJ> + / a . 

As a consequence, if we change <I> to $ — d in the definition of the the new corresponding 
matrix D will be simplified into the form 



D 



and this relation is equivalent to condition (4. a). 

When this condition is satisfied, the matrices Aij are symmetric, hence by the second point 
of the lemma, we get explicit formulae of the form 

"I',, ■ ■ X >J- ( 15 ) 

where the N t j are first level integral. Precisely, by expressing the Aij in terms of x 7 y,9 a ,9p, 
we get the following expressions 

49,7 =( °S - aX ) =^ *M = Y%-T% + iafp)Ia + {f T + bff,)If>+Nf '«' 

4,, 7 = ( ~q V b ° x ) => *«,7 = + y% + (A + "M 1 * + (We + N a , 7 , 

Next, by plugging these expressions in closed form of Vt'jj and $„ into C a ,^, 7 we get a formula 
of degree two in I where A is the symmetric matrix given by A := ^ ) with / := 

f 1 + bfp + af a : 

C a ,i3 n (v) = ay[c a Ia + + bxlcplp + Cplp] + l a ,p n (a) 
+C{a) T 2AI + C{a) T AC{a) 



Np n + aN ai0 
N an + bN atf) 



In the first line above we recognise an expression of the form A(^/^ + ^§Ip) + l(cr). Moreover, 
since C a ,p i7 (a) £ T(F\/K)\/o £ G°, the first level integrals Np n + aN a> p and N atl + bN a ^p are 
in T{F\/K). So we get an Ostrowski relation of the form 



N Pn + aN a ,p \ _ 
N a ,~/ + bN aJj 



EI + Gwithi; £ M 2 ((D), G £ K\ 



Hence, 

C a>/3 ,» - A(^/3 + ^ 7 3 } + c[a) T {2A + E)I + C (a) T AC(a) + C(a) T G + l(o , 



is a coboundary, iff E is a constant 2x2 symmetric matrix. This proves the claim. □ 
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5.3.3 The criteria for the virtual Abelianity of VE^ when $ is algebraic 

Here, we also use the notations of Section l3~2l Again, the first three points of the theorem below, 
give necessary conditions for the virtual Abelianity of VEj a . Points 5 and 6, give sufficient 
conditions according to the dependence of the two integrals I a and 7 7 . 

Theorem 5 With the notation of Section \3.2l let us assume that $ = J uiyix 2 is algebraic (i.e. 
$ G K). 7/ VEj Q * s virtually Abelian, then we get the following 

1. There exists an Ostrowski relation between >J a and I a : "fa — d a I a G K . 

2. There exists an Ostrowski relation between \I/ 7 , 7 7 and I a : — d 7 7 7 — dl a £ K . 

3. If in the previous relations d 7 ^ d a then there exists an Ostrowski relation between 7 7 and I a . 

4- Conversely, if $ € K and conditions (1),(2) and (3) hold true, then independently of the 
virtual Abelianity of VE2 a , the second level integrals \E f 7 , "I^a, ^7, a* X and M can be 
computed in closed form. Moreover, VE^ is virtually Abelian iff^y,2a can also be computed 
in closed form. 

5. If $ G K and conditions (1),(2) and (3) hold true with I a and 7 7 independent. According 
to points (1) and (3), there is unique choice 0/ $ modulo constants such that \& a G K and 
v & 7 = dl a + /. Then VEj a is virtually Abelian iff the two following conditions are satisfied: 

• The integrals X and M have polynomial expressions of the form 

( X ) = ( ^"o 2 ) + E ( 7 7 ) + Gw[thE £ M2(€) ' G G 

where M is defined in equation Mb}) below. 

• Moreover, E is symmetric, that is we have ax = &m in equations h20\) and i21\) below. 

6. Assume that $ G K and conditions (1),(2) hold true with I a and 7 7 are dependant, that is, 
we have an Ostrowski relation 7 7 — 6I a G K. Let's we write (2) into the form 5' 7 — el a G K. 
Then, VE2 a is virtually Abelian iff M + OX can be computed into a polynomial form 

M + 9X = ^7 2 + al + .gwitha G €, g G K. 

Proof (1) Again, let us assume that F/K = PV(VE2 a )/7T is virtually Abelian. F contains 
the first level integrals ^f v = J $7^, for v G {7; a}. It also contains the second level integral 
*2a = / V a I a and we get an Ostrowski relation between \I> Q and I a thanks to Lemma [3J 

(2) Since the second level integral ^ a ,~f '■= J ^Lla + ^' a I-y also belongs to F, and since F/K 
is virtually Abelian, from Theorem [2j the cocycles, 

C Qj7 0) = o-(* Q , 7 ) - * Q , 7 = c q (ct)* 7 +c 7 (ct)* q +l(a) G T(F\/K) = 7T[7 7 ;7 a ], 

From point (1), we already know that <£~ Q g T{Fi/K). Therefore, * 7 G T{Fx/K) and we get an 
Ostrowski relation between the three integrals ^> 7 , 7 7 and I a . 

(3) According to point (1) and Remark [3J we can choose a fixed representative of $ such that 
ty a G K. In other words we can assume that d a = in (1). Let's compute Vl/ 7j a thanks to the 
two previous Ostrowski relations modulo integral of first level and elements oiT(F 1 /K). We get 

* Q , 7 := * 7 7 Q + * Q 7 7 - MwithM := M a , 7 = / * 7 7^ + (eq : M) (16) 
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Since ^ a 6 K and \l/ 7 can be written ^ = g? 7 / 7 + dl a + / with f £ K, the expression 
^■yl a + ^al-y 6 T(F\/K) and M is a second level integral belonging to F. Moreover, 



J d J i^i' a + di a i' a + (fr' a + * a i' 1 ) 



M 

M = d 7 

If we set Ji := J //^ + 'J'a.i^,; this a first level integral over K and the last relation tells us that 

dj J 7 7 / Q + Ji 6 F. 

But F/JsT virtually Abelian implies that F(J\)/K is also virtually Abelian. Hence applying 
Lemma [5] again, we get an Ostrowski relation between 7 7 and I a if d 7 ^ 0. □ 

Before proving point (4), let us assume that $ is algebraic and conditions (1),(2) and (3) of 
the theorem hold true. We have seen that these conditions can be restated into the following 
simpler form : 




/, (17) 
,k) e €* x K\I n = 6I a + K 

Let us set X ;= j ^ a I' a and M :— J 9 7 I' a + ^aHy as in (fl"6|) . X is a first level integral. Here we 
are going to show in addition that the second level integrals M and ^ 7 .a can also be computed 
in closed form. Precisely we shall prove that any such integral coincides with a polynomial in 
I a , / 7 with coefficients in K plus a first level integral. 

Proof of point (4). Since ^>2a = ^ala — X, and X is a first level integral and can 
be computed in closed form. Now, from point (3) we get two possibilities. If d 7 = 0, then 
M = +J V If dry ^ 0, then 



M = -^L-Il +d 7 J Kl' a + -II + Ji = dl(> ^ d ll + J 2 withJ 2 := J 1+ dJ Kl' a . 

Hence, M can be computed in closed form since J2 is a first level integral. For \1/ 7 .q this follows 
from (TT51) . As a consequence, according to Theorem^ and Section l3~2l VEj a is virtually Abelian 
iff $ 7j 2q can be computed in closed form. □ 



Computation of the cocycle C 7 .2q(c) = c(>& 7l 2a) — ^7,20 when (|5.3.3p hold true By 

substituting the previous integrals by their expression in closed form into the formula C 7! 2q(c) = 
2c a * a , 7 + 2c 7 * 2ct + 4*7 + 2c a c 7 f a + 1(a), we get 

C 7 , 2Q (ff) = 2 Ca! [* 7 7 a +* a J 7 -M] (18) 
+2c 7 [tf Q J Q - X] 
+c^[* 7 ] +2c Q c 7 [* Q ] + /(<j) 

According to Theorem [21 G is virtually Abelian implies that 

VcreG°,C(cr) GT(F 1 /K) = K[I a ;I 1 ]. 

Therefore, if we compute C 7j 2a(f) modulo T(F±/K) — K[I a ] 7 7 ], we find a new necessary condi- 
tion for Abelianity: 

Gv. Ab => Vcr e G°, c 7 A + c a M e 7 7 ]. (19) 
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Two cases therefore happen 

First Case : If Z 7 and I a are independent over K, then (|T9"|) is equivalent to having both 
X and M in K[I a ;I~\. Since X is a first level integral this translates to having an Ostrowski 
relation of the form 

X = a x I a +b x I 1 + gxwithax ,b x e€,g x E K. (20) 

Since the independence of J 7 and I a imposes to having eL = that is ^ 7 = dl a + /, and 
M = pi + Ji. Therefore, M e K[Iy, I a ] iff we get an Ostrowski relation of the form 

Ji = a M I a + b M l 1 + 9m & M = -I* + a M I a + b M l 1 + 9m- (21) 

Now, if we substitute the actual expressions in closed polynomial form of \& 7 , X and M into (TT51) . 
and expand the result as a polynomial in {I a ; 7 7 } and {c a ; c 7 } with coefficients in K, this gives 
the following formula for the cocycle: 

+[2c a (f - a M ) + 2c 7 (* a - a x )]I a 
+[2c a (V a - b M ) + 2c n {-b x )]I 1 
+c 2 a f + 2c Q c 7 * a - 2c a g M - 2c 1 g x . 

Again, as in point (4) of Theorem HJ this cocycle is of degree two, and by setting 

A = ( 2(/ - a M ) 2(* Q - b M ) 
■ \2(V a -a x ) -2b x 

we get a formula 

C 7 , 2a (<7) - A(^) + C(a) T A7 + C(<7) T IC(a) - 2C(a) T G + 1(a). 

But A — 2 A is a constant matrix, and A is symmetric iff a x — &a/ ■ So, C 7 .2 Q is a coboundary 
iff this latter condition is satisfied. This proves the criteria given in point (5). 

Second case : Here, we assume that J 7 and I a are dependant that is J 7 = 6I a + n and 
c 7 = 8c a . For simplicity we will write I a — I and c a — c =>■ c 7 = 0c. The Ostrowski relation for 
^I/ 7 will be written = el + f with e := 0<f 7 + d. As a consequence the formula for M is now 
M = | J 2 + J2 (independently of the possible vanishing of d 7 the important number with that 
respect is now e). Now (fT9|) is equivalent to having 

AT + 6X = e -I 2 + J 2 + 9X e K[I a ;I 7 } = K[I] <s> J 2 + 6X e K[I]. 

Since, J2 + 9X is a first level integral this equivalent to having an expansion in closed polynomial 
form : 

J 2 + 6X = al + g O M + OX = e -I 2 + al + gwitha e€,g E K. 

Again, if we substitute the actual expressions of x l/ 7 and M + OX in closed polynomial form in 
(|18[) with 7 7 = 61 + k and c 7 = 6c and expand the result as a polynomial in / and c, this gives 
the following formula for the cocycle 

C 7 ,2a(o-) = e[c/ 2 + C 2 I] + Ij^a(o-) 

+2c(f + 26"5« - a)I + c 2 (f + 26^ a ) + 2c( K * a - g). 



29 



There is no condition on the size, and we recognise a coboundary 

C 7 , 2Q (a) = A[|/ 3 + (/ + 269 a - a)I 2 + 2(n9 a - g)I] + 1(a). 
and we do not get more constrain in this case, and point (6) follows. 

6 Effective test for VEj >a 

Here according to Section I3T21 K — <D(z)[ui,yi;xi\. We are therefore led to apply Proposition [5] 
with 

$ = J wyxx\. 

6.1 Testing the algebraicity of $ when \k\ ^ 3 

According to LemmaQ] when |fc| ^ 3 and G° = G° a = G a , we can write y\ and X\ into the form 

yi = z a ~<(z- l) fc ^ J 7 (z)andxi =z"°(z-lf°4(z). 
Since ui — z~d + ^\z — 1)~«", and $' = ujy\x\ we get, 

= 1)^.7* 

with i?o = a 7 + 2a Q — 3/2 — l/2fc, and E± = 6 7 + 26 Q — 5/4. These values can be explicitly 
computed thanks to Table [2 and lead us to the following new table giving the explicit expression 
of z E °(z - l) El in the expression $' = z Ea (z - l) El J 7 J*. 



7\a 


1 


2 


3 


4 


1 


z V*( z -l)-i/a 


«V*( z _i)i/a 


2-V*(«-l)-V3 


z -i/fc( z _ 1)1/2 


2 


z 1/fc alg 


z 1//c (z - 1) alg 


z _1 / fc alg 


z- 1 / fc (z- 1) alg 


3 


(z - 1)" 1/2 alg 


(z-1) 1 / 2 alg 


z -a/*( z _i)-i/a 


z -a/*(« - 


4 


1 alg 


(z - 1) alg 


z~ 2/fc alg 


z~ 2/fe (z — 1) alg 



Table 4: 



In this table the notation « alg >, means that necessarily, $ is algebraic, and we count 10 
cases over the 16 possibilities where this happens! In fact, this happens when at least one of the 
exponents Eq or E\ belong to TL. This can be seen by direct computation, either by a consequence 
of Remark [2] 

Now, for each of the 6 entries of the previous table, where $ can be transcendental, Eq G 
{±l/fc; — 2/k} and E\ £ {±1/2}, and we may write 

$' = OPwithft := z E "(l - z) El andP := J y J*. 

As a consequence, <fr is an integral of the type described in the previous section, so according to 
Proposition [21 the algebraicity of $ reduces to the vanishing of n(P) = ^t(J 7 J 2 ). There are two 
ways of testing the vanishing of this number. One with the coefficients of P if they are explicitly 
known. And the other with the evaluation of the definite integral between and 1. 

About this second method it applies sometime efficiently in our context. Indeed, for any 
Jacobi polynomial J(z) = J^ a ^\ we can associate a kernel £1 = ilj — z /3 (l — z) Q , whose explicit 
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formula is given thanks to Table HJ Moreover we know that J is orthogonal for the scalar product 
< P;Q >= Jg 1 PQflj, to any polynomial whose degree is smaller than deg( J). 

For examples : thanks to Tables [5] and 0] we have 

In case (7, a) — (1; 1) then, il — £7 7 = il a therefore, 

$ = J J 7 jfa-y M = K J J J a) = < J 75 J a >7 • 

Hence, 2deg(J Q ) < deg(J 7 ) =4> n{P) = and the corresponding $ is algebraic. This of course 
give new cases when $ is algebraic. Unfortunately, we have got no converse and $ could be 
algebraic outside of these cases. 

In case (7, a) — (1; 2) then ft = 7 (1 — z) = il a therefore, 

$ = J J-yJlil ~ z)tt 7 => fj, = /i(J 7 Jl) = < J 7 ; Jl{\ - z) > 7 . 

Hence, 2deg(J Q ) + 1 < deg(J 7 ) =>■ /x(P) = and the corresponding $ is algebraic. 

For the remaining four cases we have unfortunately no comparison of the expression of /z 
with one of the two scalar products. So in general we are not able to give any condition for the 
algebraicity ! Nevertheless, for applications in specific examples one is therefore reduced just to 
check the relation given by point 3 of Proposition [31 



6.2 Getting obstruction when $ can be transcendental in the 6 possible 
cases of Table [4] 

Our main result is going to be the following 

Proposition 6 When \k\ 3 and $ is transcendental, then in the six cases of Table^ VE^ 
is not virtually Abelian excepted maybe for \k\ — 3 when (A 7 ; \ a ) € Case3 x {Case3; Case4}. 

Proof Let's assume that VE^j, is virtually Abelian and look to the restrictions imposed by 
this condition thanks to Proposition [S] and its consequences. According to Lemma [I] the action 
of the monodromy around z — 0, is given by characters thanks to the following formulae 

Mo(^) = exp(i27r(-2a 7 ))/;, Mq(&) = exp(i2wE Q )&. (22) 

Since $ is transcendental, the two constants d 7 and d a in Proposition [5jl both are non-zero. 
Therefore, according to the later, we get an Ostrowski between 7 7 and I a . As a consequence, 
thanks to Lemma [31 the Ostrowski relation between / 7 and I a implies that 

exp(i27r(— 2a 7 )) = exp(i27r(— 2a a )) 2a 7 — 2a a € TL. 

But, by writing a — | + Sr, with e = 1 in Cases 1 or 2, e = —1 in Cases 3 or 4, we get that 
2a 7 — 2a a £ TL iff, e 7 — e a . In other words we proved that an Ostrowski relation between J 7 and 
I a implies that 

a-y — a a (7; a) G {Cases 1 or 2} 2 U {Cases 3 or 4} 2 . (23) 

This in fact eliminates two possibilities in Table [4] 

Now, the Ostrowski relation between $ and I 1 implies similarly that Eq + 2a 7 G %■ But 
Eq = a 7 + 2a a — 3/2 — 1 /2k and a 7 = a a , therefore, 

^ „ _. 3 1, 5e 7 - 1 
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.,, k "E, Hence VEj a is not virtually Abelian. 



For £ = 1, (Cases 1 or 2) 

For e = -1, (Cases 3 or 4), = ^ G Z |fc| = 3. This proves that in general VE^ is 
not virtually Abelian except maybe in the exceptional cases mentioned in the proposition. □ 



6.3 Getting Obstruction when $ is algebraic 

Here, according to the second point of Theorem[5l we have to test an Ostrowski relation between 
^f a and I a . Again, if fy a is algebraic such a relation hold and we get nothing new. As a 
consequence our first task is going to be the study of this problem. 

6.3.1 Testing the algebraicity of ty a and ^ 7 

Here, according to Lemma [TJ 

$ $ 
*'=$/'= — = 

a x\ Z^( Z -l)2b a J2( z y 

and similar formula with ty' = <J>/^, = Q/yf. 

According to Remark [31 we must compute the two with the same <£> up to an additive 
constant. The precise forms of those expressions are respectively given for ty' a resp for ^S' in the 
following two tables 





1 


2 


3 


4 


1 


H 

J 2 


H 

J 2 


H 

3 


H 

J 2 


2 


1? 


1? 




1? 








( Z -l)3/V 2 


3 






R 




z l + l/ feJ 2 


z l + l/fcJ2 


z l/kJ2 


z l/feJ2 


4 






Q 




z l/fc( z _l)l/2J2 


z l/fc( z _l)3/2J2 


z l/fe( z _l)l/2J2 





Table 5: 



7\a 


1 


2 


3 


4 


1 


R 




R 






7 2 


z 2/kJ2 


z 2/kJ2 


2 


y 


4> 


Q 


Q 7 


(z _ 1) 3/2 J 2 


(z-l) 3 / 2 J 2 


z 2/fc( z _ 1 )3/2 J 2 


z 2/fc( z _!)3/2j2 


3 







R 


(2-l)« 


z l-l/fcj2 




z l/kj2 


z l/ fcJ 2 


4 


y 


y 7 


Q 


y 


X-V=( Z _1)3/2J2 


Z- 1 /fc( z _l)3/2J2 


z l/fc( z _l)3/2J2 


z l/fc( z ^l)3/2J2 



Table 6: 



Let's explain briefly how those tables were computed. When we are in the ten cases of Table 
21 where $ is always algebraic, then $' = z E °(z — l) El P, with at least one integral exponent. 
Assume for instance that E\ G N, then we choose a primitive of the form $ = z Eo+1 Q with 
Q G 

Now, when we are in the six remaining cases when the two exponents are not integers, 



z E °{z-l) El P. 
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According to Theorem [3] points 1 and 2, $ is algebraic iff it can be computed in closed form 

$ = 15R = z Ea+1 (z - l) El+1 RwithR G €[z}. 
Surprisingly, in those six cases we get the following implication 

($ alg) => (\P a and * 7 alg). 
Indeed in those six cases, E\ + 1 6 {1/2; 3/2} For v £ {a; 7}, 

, _ z E « +1 {z- l) E ^ +1 R 

Since 2&„ also belongs to {1/2; 3/2}, the exponent of at z = 1 is an integer 7^ —1. As a 
consequence, is fixed by Mi and we can conclude thanks to Remark [5] 

As a consequence, when $ is algebraic, we see form the above tables that ^S> a and \I/ 7 are 
simultaneously algebraic very often. In fact in 10 cases over the 16. Since it is much more difficult 
to prove the transcendence than to show the algebraicity of an integral, we therefore cannot say 
something general in the six remaining cases, when for example A 7 £ Case 4. 

6.3.2 Getting obstruction when >t a or \l/ 7 is transcendental 

Here our main result is going to be the following 

Proposition 7 If ^ is algebraic, and 'J'q is transcendental, thenY¥i^ a is not virtually Abelian 
except maybe for the two cases (A 7 ;A Q ) € Case 4 x {Case lor 2}. 

Similarly, if^~f is transcendental, then VE2 a is not virtually Abelian excepted maybe for the 
two cases (A 7 ; A Q ) e Case 4 x {Case lor 2} or when (A 7 ; A Q ) € Case 2 x {Case 3 or 4} if \k\ = 3. 

Proof From now we assume that VE2 a is virtually Abelian. According to Theorem^ we must 
get two Ostrowski relations: one between ty a and I a , and another one between \E' 7 , / 7 and I a . 
Let's assume that we get such a relation between ^ 7 I 1 and I a . The arguments for ^ a being 
simpler. According to Lemma [31 if 5' 7 is transcendental, we must get the following relation 
between the exponents at z = : 

e (%) E {eo(i;);e (4)}moda. 

Now a direct comparison, of Table El with Table [21 in the six cases where \l/ 7 can be transcend- 
ental, gives that eo^^) € {eo(/ 7 );eo(/4)} m °dS, when (A 7 ; A a ) e Case 4 x {Case 1 or 2} or when 
(A 7 ;A Q ) £ Case2 x {Case3or4}, if |fc| = 3. Moreover, when (A 7 ;A Q ) G Case4 x {Caselor2}, 
we get the same conclusion for the exponents at z = 1. This is the reason why, these two cases 
cannot be a-priory refined. □ 

6.3.3 Some results when $, 9 a and ^ 7 are algebraic 

As we said before those cases happen very often in 10 cases over the the 16. This the right moment 
to apply Theorem [SI with d a = d 7 = e = 0. Here, X = J ^ a I' a and M = J * Q / 7 + ^ 1 I' a are 
first level integrals and we first have to see if they can be computed in polynomial form. That 
is, if they satisfied Ostrowski relations with I a and / 7 ... 

Precisely, according to the theorem we will have two cases 
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• When I a and J 7 are independent then we must check the following simple form of the 
relation given in point 5 of the theorem 



M 
X 



= E 



In 



G, 



(24) 



where E is symmetric. 



• When I a and / 7 are dependant, that is I~ — 8I a G K, then we must check a relation of 



the form 



M + 6X = al + g. 



(25) 



Now, according to equation (1231) . we have a necessary condition for the independence of the two 
integrals I a and J 7 , which we resume in the following new table 



7\a 


Case 1 


Case 2 


Case 3 


Case 4 


Case 1 


? 


? 


Ind 


Ind 


Case 2 


? 


7 


Ind 


Ind 


Case 3 


Ind 


Ind 


7 


7 


Case 4 


Ind 


Ind 


7 


7 



Table 7: 



So we see again, that in half of the cases the integrals are independent, and for the remaining 
cases we obviously do not know. 

We have made explicit computations of the integrals X and M, they are first level integrals 
so they will obey the rule given by Remark [5J Nevertheless, they are integrals of the form 

r pq r pn 

As a consequence, they do not enter into the context of Theorem [31 



6.4 Experimental considerations for VE^. 

Here we are going to join the information given by Propositions [5] and [71 the previous tables and 
some experiments given by computers. This will give a picture of the behaviour of the Galois 
group of VE2 a ■ For simplicity, we will assume that 

Indeed, the Propositions above showed, that for = 3 some exceptional behaviour occur. 
Experiments also show that for \k\ = 4, we also get new exceptions. This is quite normal 
since these two cases correspond geometrically to the situation where the hyper-elliptic curve 
parametrised by 1 1— ¥ (</?(t), <fi(t)) is in fact an elliptic curve. 



Step 1: when $ is transcendental According to Section 16.11 we found that $ can be 
transcendental in 6 over the 16 cases, with half of the possibilities when (7, a) £ {(1, 1); (1, 2)}. It 
seems that experiments are showing that away from the predicted cases, <& is transcendental. As a 
consequence, thanks to Proposition^ the probability to get obstruction when $ is transcendental 
is 

p$ = 5/16. 
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Step 2: when <f> is algebraic Here for convenience, we present a new table resuming the case 
when $ is algebraic 



7\a 


Case 1 


Case 2 


Case 3 


Case 4 


Case 1 


A 


A' 






Case 2 


B 


B' 


C 


C" 


Case 3 


D 


D' 






Case 4 


E 


E' 


F 


F' 



Table 8: 

The empty cases correspond to the four cases where <1> is transcendental. Again, for each 
letter X, we will denote by px the probability to get obstruction in the context given by the 
corresponding letter. Here, the first thing to check is the possible transcendence of either *S> a or 
^ 7 in order to apply Proposition [7J If nothing subsequent occurs from this test, then we check 
one of the two relations (pM)) or (|2"5]) depending of the possible dependence of the integrals I a , I 1 
in order to apply Theorem [SJ 

In A and A': According to Section RTT1 $ is algebraic when 2deg(J Q ) < deg(J 7 ) in A and, 
when 2deg(J Q ) + 1 < deg(J 7 ) in A'. In both cases, according to Tables [5] and [5] and \& 7 are 
algebraic. Moreover, relation (|24p hold for some symmetric matrix E. Observe that here, we 
do not need to check the dependence of the integrals /, since if this happens then we would get 
((2~4"l) => ((2"5j) . As a consequence, there is no obstruction and 

Pa = PA' = 0. 
For the remaining letters, $ is always algebraic. 

In B and B 1 : According to Tables[5]and[6j <I> Q and 4 r 7 are algebraic. Moreover, experiments 
give that M and X are algebraic. As a consequence, relation ((24]) is trivially satisfied with E = 0. 
Hence, 

Pb = Pb> = 0. 

In C and C: According to Table \5\^ a is algebraic. Nevertheless, experience shows that 
^ 7 is transcendental, hence according to Proposition [71 VE2 a is not virtually Abelian and, 

Pc = Pc = 1/16. 

In D and D 1 : According to Tables [S] and O ^ a and 4' 7 are algebraic. Here, thanks to 
Table [JJ the two integrals I a and 7 7 are independent. In both cases, experiments show that AI is 
algebraic and X is transcendental. In D, we get an Ostrowski relation of the form X = al a + g. 
Therefore, in ((24)) the matrix 

E =([ a o)' witha ^°' 

is not symmetric. Therefore, there is obstruction. In D' the situation is quite similar excepted 
that there is no Ostrowski relation between X, I a and 1 1 , so (|24l) is not satisfied. Hence, 

Pd = PD' = 1/16. 
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InE and E'\ Here, we cannot apply directly Proposition [7J And in fact experiments show 
that we get two Ostrowski relations, one between \1/ Q and I a and the other between \l/ 7 and / 7 . 
Moreover, ty a and \l/ 7 are transcendental. But experiments also show that there is no possible 
Ostrowski relation between M, I a and I 7 . Therefore, none of the equations ((24)) or (j25|) can be 
satisfied. So VE2 jQ is not virtually Abelian and, 

Pe = PE' = 1/16. 

In F and F' : Experiments show that: in F both \& Q and 5' 7 are algebraic iff 2deg(J Q ) > 
deg(J 7 ). Similarly, in F', both ty a and $ 7 are algebraic iff 2deg(J Q ) + 1 > deg(J 7 ). Moreover, 
if these conditions on the degrees of the Jacobi polynomials are satisfied, then M and X are 
algebraic. Hence, we get half obstruction in each case and, 

Pf = Pf> = 1/32. 

As a consequence, the probability to get obstruction when $ is algebraic is 

Palg = PA H VPF' = 7/16. 

Hence, the total probability to get obstruction is 

PT = P* +Pai g = 5/16 + 7/16 = 3/4. 

To our point of view, there are two significant conclusions that can be derived, from this study : 
First, that there is still a lot a obstruction at the level of the second variational equation. Indeed, 
it seems that there is a quite big distance between solvable Galois groups and virtually Abelian 
ones. Secondly, although it is comparatively much more complicated to test, the most important 
obstruction to the virtual Abelianity of VEj a happens when $ is algebraic. 

7 Considerations about EXZ R 

Here we follow the same strategy. But now the main technical difficulty comes in distinguishing 
the 64 possibilities for the cases satisfied by 7, /?, a. We will therefore have to deal with spatial 
tables of 64 entries ! As a consequence, we will not give definitive results. Nevertheless, Theorem 
IH can be used to deal with the complete study of specific potentials. 

7.1 Counting the cases when $ = J u)U\y\X\ is algebraic 

Since the most check able obstructions are going to happen when $ is transcendental, at first 
glance, we count the possible numbers of such occurrences. Here, by using similar arguments as 
in Table 21 we are going to count 44, possibilities where $ is algebraic. Therefore, we will be left 
with at most 20 cases where $ can be transcendental ! 
Here, 

til = z a -'{z - l) b ->Jy, yi = z a ?(z - lfejfcXx = z a °(z - l) ba J a = z E °(z - l) El P(z), 

With P(z) = JjJpJ a and, 

3 1 5 

Eq = a 7 + a/3 + a a - - - — ; E\ = b~ f + bp + b a - -. 

Again, as in Section 14.41 $ is going to be algebraic when at least one of the two exponents Eq 
or Ei is an integer distinct from -1. 
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7.1.1 Values of E 

If we write a = \ + ^ with e = 1 in Cases 1 or 2 and e = — 1 in Cases 3 or 4, we get 

e 7 + + e a - 1 
2k • 

Then Eq G {1/fc; 0; — 1/fc; — 2/fc}, when Card(i|ei = 1) G {3; 2; 1; 0}. As a consequence, 

E EZ^> E o =0^ Card{i G {7,/3,a}|e, = 1} = 2. 
This happens in the 3 x 8 = 24 possibilities listed in the following table 



E e% 


7 





a 


cases L\ 


1 or 2 


1 or 2 


3 or 4 


cases L 2 


1 or 2 


3 or 4 


1 or 2 


cases L 3 


3 or 4 


1 or 2 


1 or 2 



Table 9: 



7.1.2 Values of E 1 

Since b = 1/4 in Cases 1 or 3 and b = 3/4 in Cases 2 or 4, we get 



3 cases lor 3 E± = -1/2 

2 cases 1 or 3 => £i = 

lcaseslor3 => £?i = 1/2 
cases 1 or 3 Ei = 1 



As a consequence i?i G Z in 32 possibilities. 



G 7L 24 possibilities 
G % 8 possibilities 



7.1.3 Counting when E and E\ both are integers 

This happens when cither (E ; Ex) = (0; 1) either (E ; E r ) = (0;0). 

When (E ; E\) = (0; 1) Then, E\ = 1 implies that (7; /?; a) G {Cases2or4} 3 and the intersec- 
tion with the table for E = 0, gives 3 possibilities which are the cyclic permutations of 



( 7 ;/3;a) G (2; 2; 4). 



When (E ; E\) = (0; 0) Then Ei = implies the following possibilities 



E x = 


1 




a 


cases Lj 


1 or 3 


1 or 3 


2 or 4 




1 or 3 


2 or 4 


1 or 3 


cases L' 3 


2 or 4 


1 or 3 


1 or 3 



Table 10: 

As a consequence, if we compute LiDL'j we get 9 = 3x3 distinct cases. For example, L\ r\L[ 
implies (7; fi; a) G (1;1;4). 

Therefore, the two exponents both are integers in 3 + 9 = 12 cases. 
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7.1.4 Conclusion 



Since we get 24 possibilities for Eq £ 7L, 32 possibilities for E% £ % and 12 for both integral 
exponents. $ is going to be algebraic in 44 = 24 + 32 — 12 cases. As a consequence, in the spatial 
table of 64 entries for (7; (3; a), there are at most 20 possibilities where $ can be transcendental. 



7.2 Counting when all the ^ are algebraic in the 44 case where $ is 
algebraic 

This is also made in order to find the cases where there is no obstruction. 

In fact thanks to the consideration above we count 16 cases over 64 where everybody is 
certainly algebraic. 

7.3 Getting obstruction with the assumption that $ is transcendental 

Here our main result is going to be the following one which is very similar in its statement and 
proof to Proposition [6] 

Proposition 8 For \k\ ^ 3, in the 20 possible cases when $ can be transcendental, EXj a p is 
not virtually Abelian excepted maybe for \k\ = 3 and (7; /?; a) £ {Cases3or4} 3 . 

Proof From now we assume that EXj a a is virtually Abelian. According to Proposition [5j we 
get three Ostrowski relations $ + d 7 / 7 , $ 4- dplp and $ + d a I a are algebraic over (D(z). Since <3? 
is transcendental, the three constants di are non-zero. As a consequence we get three Ostrowski 
relations between any two Ii and Ij, for i =/= j. But we have seen in the proof of Proposition H2 
that such a relation implies that ai = aj (see eauation (|23p ). And we can therefore deduce that 

(7;/?; a) £ {Cases 1 or 2} 3 U {Cases 3 or 4} 3 . 

Now, the Ostrowski relation between $ and I 1 implies similarly that Eq + 2et 7 £ 7L. But 
Eq = a 7 + ap + a a — 3/2 — l/2fc and a 7 = ap = a a , therefore, 

3 1 . . 5e 7 - 1 



Eq + 2a 7 = 5a 7 — — — — = 1 



2k 2k 



When e — 1, (Cases 1 or 2), A = i ^ %^ Hence EX^ Q » is not virtually Abelian. 

When e = -1, (Cases 3 or 4), = ^ £ % •£> |fc| = 3. This proves that in general EX^ a 
is not virtually Abelian excepted maybe in the exceptional cases mentioned in the proposition. 

□ 



7.4 Getting obstruction in the 44 cases when $ is algebraic 

In order to be able to exploit the Ostrowski relations given by Theorem [5J in these 44 cases, we 
first have to investigate the possible algebraicity of the Vf^, when fj, £ {7, (3, a}. 

7.4.1 About the algebraicity of the integrals ^ for [i £ {7,/?, a} 

Here 4^ = $i£ = z E °(z - l) El Q(z)r^. Let's denote Ng and iVf the respective exponents of 1^ 
at z = and z = 1, respectively. Up to addition of a positive integer wc get 

Ng = E -2a li ;N?=Ei-2b ll . 
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Direct computation gives 

< e {-1, ±l/k - 1, -2/fc - 1}; Af € {-3/2, -1, -1/2, 0, 1/2}. 

7.4.2 Getting obstruction when at least one vf^ is transcendental 

Proposition 9 When $ is algebraic in the 44 cases mentioned above we get : 

1. Let us assume that \k\ 4. If at least one of the is transcendental, then EX^ a g is not 
virtually Abelian excepted maybe in the 12 cases where Eq and E\ both are integers. 

2. For\k\ = 3, we get the same conclusion if we assume that at least two of the three integrals 
\& n are transcendental. 

Proof Now we assume that EX^ a s is virtually Abelian. By symmetry let's assume that ^ 7 is 
transcendental. According to Theorem El we must have a non trivial Ostrowski relation 

$ 7 + d 1 I 1 + dplp + d a I a G K. 

The monodromy Aii acts by characters on the derivatives of these four integrals. According to 
Lemma [3]2, the character of ^ 7 must be equal to the character of one of the 7^. But, as in the 
proof of Proposition [71 this condition is equivalent to having 

N? - - € % & Ei - 26 7 - ~ € % Ex € %. 

Now let's do the same job with M.q. As in the proof of Proposition [7J the Ostrowski relation 
imposes that at least one of the three following numbers is an integer: 

+ 2a 7 = E ; + 2a p = E - 2a 7 + 20,3; + 2a a = E - 2a 7 + 2a a . 

Let us set a := Eq — 2ap + 2a a . With this notation, we just have seen that 4' 7 transcendental 
implies that 

E G ZorA 7)i a G SorA 7 , Q G TL. 

If Eq G Wi, both exponent at z = and z = 1 are integers, we are in the 12 cases over the 44 
where <E> is algebraic and these arguments do not give any obstruction to the virtual Abelianity 

Now let's assume that Eq TL. We are led to find obstructions from the conditions A G TL. 
But, by writing a = 1/2 + e/2k, we get 

e 7 — eg + 3e a — 1 

A ^ a ~ 2k • 

Its values depends on the eight possibilities given by = ±1. They are listed in the following 
table 

Here, we did not give the value of L\g^ a for the three lines L\, L2, £3 of Tabled because they 
correspond to E G TL. 

From this table, we get that A g" TL except when \k\ — 3, in the case of line L§. This prove 
the first point of the proposition. 

For the second point, let's assume again that Eq ^ TL and \l/ 7 is transcendental. We must 
have A 7i( g G TL or A 7iQ G TL. But according to line Lq we have the implications 

A 7 ,0 e^( T , p, a) =(+,-,-)=► A 7 , Q G TL. 

Therefore, if for example ^ p is transcendental, we would get, according to the table 

A^ = -1/fc g" g, A Pn = l/k&%. 

So, the Ostrowski relation will not be satisfied for $ g. This prove the claim. □ 
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+ 


+ 


+ 


1/fc 


u 








-2/fc 


L 5 






+ 


1/fc 


L 6 




+ 




-3/fc 


L 7 


+ 






-1/fc 



Tabic 11: 
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